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Abstract
Let (M, g) be a closed, oriented, Riemannian manifold of dimensionm. We call a systole a
shortest non-contractible loop in (M, g) and denote by sys(M, g) its length. Let SR(M, g) =
sys(M,g)m
vol(M,g) be the systolic ratio of (M, g). Denote by SR(k) the supremum of SR(S, g) among
the surfaces of fixed genus k 6= 0. In Section 2 we construct surfaces with large systolic ratio
from surfaces with systolic ratio close to the optimal value SR(k) using cutting and pasting
techniques. For all ki ≥ 1, this enables us to prove:
1
SR(k1 + k2)
≤
1
SR(k1)
+
1
SR(k2)
.
We furthermore derive the equivalent intersystolic inequality for SRh(k), the supremum of the
homological systolic ratio. As a consequence we greatly enlarge the number of genera k for
which the bound SRh(k) ≥ SR(k) &
4
9pi
log(k)2
k
is valid and show that SRh(k) ≤
(log(195k)+8)2
pi(k−1)
for all k ≥ 76. In Section 3 we expand on this idea. There we construct product manifolds
with large systolic ratio from lower dimensional manifolds.
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1 Introduction
In the present article we denote by a manifold a closed, oriented, Riemannian manifold (M,g)
of dimension m ≥ 2. We denote by (S, g) a Riemannian surface. A systole of (M,g) is a shortest
non-contractible loop. We denote by sys(M,g) its length. Normalizing by the volume of (M,g)
we obtain
SR(M,g) =
sys(M,g)m
vol(M,g)
,
the systolic ratio of (M,g), which is invariant under scaling of (M,g). Let
SR(k) = sup{SR(S, g) | (S, g) Riemannian surface of genus k 6= 0}
be the optimal systolic ratio in genus k. As its reciprocal value is also quite often used in the
literature, we call this value σ(k) the optimal systolic area in genus k, i.e.
σ(k) = inf{
vol(S, g)
sys(S, g)2
| (S, g) Riemannian surface of genus k 6= 0}.
1
The exact value of SR(k) is only known for k = 1. It was proven by Loewner (see [Pu], p. 71)
that SR(1) = 2√
3
. For large k it is known that (see [KS2])
K1
log(k)2
k
≤ SR(k) ≤ K2
log(k)2
k
, (1)
where K1 and K2 are universal, but unknown constants. The best known upper bound is stated
in [KS2], Theorem 2.2:
SR(k) ≤
1
π
log(k)2
k
(1 + o(1)), when k →∞. (2)
It was furthermore shown in [BS] that there exists an infinite sequence of genera (ki)i, such that
4
9π
log(ki)
2 − c0
ki
≤ SR(ki), (3)
where c0 is a fixed constant. This result comes from the study of hyperbolic surfaces, i.e. of
constant curvature −1. More families of hyperbolic surfaces satisfying the above inequality can
be found in [KSV1], [KSV2] and [AM].
In the case of a surface (S, g) one can also define the homological systole, which is a shortest
homologically non-trivial loop in (S, g). This is a shortest non-contractible loop that does not
separate (S, g) into two parts. We denote by sysh(S, g) its length and define SRh(S, g) =
sysh(S,g)
2
vol(S,g)
as the homological systolic ratio. Let
SRh(k) = sup{SRh(S, g) | (S, g) Riemannian surface of genus k 6= 0}
be the optimal homological systolic ratio in genus k. We call its reciprocal value σh(k) the optimal
homological systolic area in genus k. It follows immediately that for any surface (S, g)
sys(S, g) ≤ sysh(S, g), hence SR(k) ≤ SRh(k).
Hence SRh(k) has the same lower bound as SR(k) and it follows from [Gr2], Theorem 2.C that
SRh(k) satisfies an upper bound of order
log(k)2
k
. In this article we show that SRh(k) is smaller
than (log(195k)+8)
2
π(k−1) (see Theorem 1.3-3). An open question is, whether SR(·) and SRh(·) are
monotonically decreasing functions with respect to the genus. Though we can not prove or
disprove this result, we can at least show the following intersystolic inequalities:
Theorem 1.1. Let SR(k) and SRh(k) be the supremum of the systolic ratio and the homological
systolic ratio among all closed, oriented, Riemannian surfaces of genus k ≥ 1. Let σ(k) and
σh(k) be the optimal systolic area and homological systolic area in genus k ≥ 1. Then for all
ki ≥ 1
1. SR(k1 + k2) ≥
(
1
SR(k1)
+ 1SR(k2)
)−1
or equally σ(k1 + k2) ≤ σ(k1) + σ(k2).
2. SRh(k1 + k2) ≥
(
1
SRh(k1)
+ 1SRh(k2)
)−1
or equally σh(k1 + k2) ≤ σh(k1) + σh(k2).
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In [BB], p. 159, Babenko and Balacheff provide the equivalent inequality of Theorem 1.1-1 for
connected sums of manifolds of dimension m ≥ 3. The above inequalities imply that SR(k) and
SRh(k) are at least of order
1
k
. Specializing on metrics hyp of constant curvature minus one, we
obtain the optimal systolic ratio for compact hyperbolic surfaces:
SR(k,hyp) = sup{SR(S,hyp) | (S,hyp) hyperbolic surface of genus k 6= 0},
and define in an analogous manner the optimal homological systolic ratio for compact hyperbolic
surfaces. Again we denote by σ(k,hyp) the inverse. In this case the supremum is attained (see
[Mu]) and much more is known about the corresponding maximal surfaces than in the general
case (see [Ak],[AM], [Ba],[Ge],[Sc1], [Sc2] and [Sc3]). Especially
SR(k,hyp) = SRh(k,hyp) (see [Pa], Theorem 1.1).
This equation enables us to show the first statement of the following theorem:
Theorem 1.2. Let SR(k) and SRh(k) be the supremum of the systolic ratio and the homological
systolic ratio among all closed, oriented, Riemannian surfaces of genus k ≥ 1 and SR(k,hyp)
the supremum of the systolic ratio among compact hyperbolic surfaces of genus k ≥ 2. Let
furthermore σ(k), σh(k) and σ(k,hyp) be the corresponding optimal systolic area. We have:
1. SR(k+1)
1−
√
3 SR(k+1)
2
≥ SR(k) ≥ SR(k+1,hyp)
1+ SR(k+1,hyp)
pi
or equally σ(k+1)−
√
3
2 ≤ σ(k) ≤ σ(k+1,hyp)+
1
π
.
2. SRh(k+1)
1−
√
3 SRh(k+1)
2
≥ SRh(k) ≥
SRh(k+1)
1+
SRh(k+1)
pi
or equally σh(k+1)−
√
3
2 ≤ σh(k) ≤ σh(k+1)+
1
π
.
3. SR(k+1)SR(k) ≤ 1 +
SRh(k+1)
π
or equally σ(k+1)
σ(k) ≥
σh(k+1)
σh(k+1)+
1
pi
.
Theorem 1.1 and 1.2 are obtained by constructing surfaces with large systolic ratio from
surfaces with systolic ratio close to the optimal value SR(k), SRh(k) or SR(k,hyp) using cutting
and pasting techniques. As a result, we obtain the following statement: If (S, g) is a surface of
genus k, such that SR(S, g) ≥ 49π
log(k)2−c0
k
, then
SR(k + j1) ≥
4
9π
log(k + j1)
2 − c1
k + j1
and SR(j2 · k) ≥
4
9π
log(j2 · k)
2 − c2
j2 · k
for all j1, j2 ≪ k.
Here the second inequality follows from Theorem 1.1-1 by induction. This suggests that the
bound SRh(k) ≥ SR(k) &
4
9π
log(k)2
k
is valid for a large number of genera.
Furthermore, Theorem 1.1 and 1.2 allow us to provide new lower bounds for SR(k) for small
genera k. In Table 1 we give a summary of Riemannian surfaces of genus 1 ≤ k ≤ 25 with
maximal known systolic ratio. Most of these are constructed from the examples presented in
[Cas],[CK], [KSV1], [Sc1] and [Sc3] using Theorem 1.1-1. As the proof is constructive, the lower
bound for SR(k) is attained in the thus constructed surfaces. The best known upper bounds for
SR(k) in Table 1 are due to the following sources (see also [Ka], Chapter 11 for a summary):
- genus 2: SR(2) ≤ 2√
3
, [KS1], Theorem 1.3
- genus 3-16: SR(k) ≤ 43 for k 6= 1, [Gr1], Corollary 5.2.B
3
- genus 17-25:
for all r ∈ (0,
1
8
),
log(2r2 SR(k))2
4π SR(k)
(
1
2 − 4r
)2
(k − 1)
≥ 1, [KS2],[Ka], inequality (11.4.1).
(4)
genus k surface (name and/or
constructed from)
lower bound
for SR(k)
upper bound for
SR(k) and SRh(k)
reference for
the lower bound
1 T2hex 1.15 1.15 [Pu]
2 R2 0.80 1.15 [CK], Fig. 2.1
3 R3 0.66 1.33 [Ca]
4 R4 0.60 1.33 [CK], Fig. 2.1
5 S5 0.48 1.33 [Sc3]
6 I6 0.42 1.33 [Cas]
7 H7 0.45 1.33 [KSV1]
8 R8 (via T
2
hex,H7) 0.32 1.33 Th. 1.1-1
9 via R2,H7 0.29 1.33 Th. 1.1-1
10 via R3,H7 0.27 1.33 Th. 1.1-1
11 I(x|z) 0.28 1.33 [Sc1]
12 via S5,H7 0.23 1.33 Th. 1.1-1
13 via H14 0.23 1.33 Th. 1.2-1
14 H14 0.25 1.33 [KSV1]
15 via T2hex,H14 0.21 1.33 Th. 1.1-1
16 via H17 0.26 1.33 Th. 1.2-1
17 H17 0.29 1.27 [KSV1]
18 via T2hex,H17 0.23 1.22 Th. 1.1-1
19 via R2,H17 0.21 1.16 Th. 1.1-1
20 via R3,H17 0.20 1.12 Th. 1.1-1
21 via R4,H17 0.19 1.08 Th. 1.1-1
22 via S5,H17 0.18 1.04 Th. 1.1-1
23 via I6,H17 0.17 1.00 Th. 1.1-1
24 via H7,H17 0.17 0.97 Th. 1.1-1
25 via R8,H17 0.15 0.94 Th. 1.1-1
Table 1: Upper and lower bounds for SR(k) and SRh(k) in genus 1 ≤ k ≤ 25.
Revisiting the ideas of the proof of [Gr2], Theorem 2.C, we also show that
Theorem 1.3. Let SR(k) and SRh(k) be the supremum of the systolic ratio and the homological
systolic ratio among all closed, oriented, Riemannian surfaces of genus k ≥ 1. Then
1. SRh(k) ≤
4
3 for all k ≥ 1 and SRh(k) ≤
2√
3
for all k ≥ 20.
2. SR(2) = SRh(2) and SR(3) ≥ SRh(3)− 0.03.
3. SRh(k) ≤
(log(195k)+8)2
π(k−1) for all k ≥ 76.
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In fact using the same arguments as in the proof of Theorem 1.3, it can be shown that for
1 ≤ k ≤ 25 SRh(k) satisfies the same upper bound as SR(k) in Table 1. This leads us to the
following conjecture.
Conjecture 1.4. Let SR(k) and SRh(k) be the supremum of the systolic ratio and the homological
systolic ratio among all closed, oriented, Riemannian surfaces of genus k ≥ 1. Then
SR(k) = SRh(k).
This could in principle be deduced using the same arguments as in the proof of Theorem 1.3.
But to this end the upper and lower bound for SR(k) in any genus would have to be sufficiently
close. The idea of Section 2 is to construct new surfaces with large systolic ratio from extremal
surfaces. In Section 3 we expand on this idea. If (M,g) and (N,h) are two manifolds of dimension
m and n, respectively, then
sys(M ×N, g × h) = min(sys(M,g), sys(N,h)).
This enables us to construct manifolds with large systolic ratio from lower dimensional manifolds
with large systolic ratio. We illustrate the consequences of this equation by two examples. First
we construct n-dimensional Euclidean and general product-tori with large systolic ratio from
lower dimensional ones, then we construct product manifolds of surfaces and tori. This enables
us to prove Theorem 3.3:
Theorem 1.5. Let γn be Hermite’s constant for flat tori in dimension n, then
1. γm+n ≥ γ
( mm+n )
m · γ
( nm+n )
n .
2. γ2n ≥ γn.
3. γ
( nn−1)
n ≥ γn+1 ≥ γ
( nn+1)
n .
We think this result is known but, as we did not find any proof in the literature ([CS],[Ma]),
we give one in this paper. Even if the result should be known, we think that the proof given
here illustrates well the techniques used in this paper. More refined methods can be applied
to find lower bounds for Hermite’s constant for flat tori (see [Ma], p. 92) based on similar
ideas. These lead to the laminated lattices, which provide the best known lower bounds for γn in
certain dimensions (see [Ma], Table 14.4.1 ). However, Theorem 3.3 provides practical a priori
bounds. Notably, the lower bound in Theorem 3.3-3 completes the known upper bound, which
is Mordell’s inequality. The same inequalities hold for manifolds homeomorphic to Euclidean
tori. These are stated in Theorem 3.4. Furthermore in Theorem 3.5, we prove:
Theorem 1.6. Let b(M,g) =
∑m
i=0 bi(M,g) be the sum of the Betti numbers of a manifold (M,g)
of dimension m. Then in each dimension m ≥ 3 there exist manifolds Rmk = (S×T
m−2, g× gE),
that are product manifolds of a surface (S, g) of genus k ≫ 2m and an Euclidean torus (Tm−2, gE),
such that
C1,m ·
log(b(Rmk ))
2
b(Rmk )
≤ SR(Rmk ) ≤ C2,m ·
exp(C3,m
√
log(b(Rmk )))
b(Rmk )
.
5
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2 Construction of surfaces with large systolic ratio
proof of Theorem 1.1
1. SR(k1 + k2) ≥
(
1
SR(k1)
+ 1SR(k2)
)−1
.
Let ǫ1 > 0 be a positive real number. For i ∈ {1, 2}, let (Si, gi) be a surface of genus ki ≥ 1,
which satisfies
SR(Si, gi) = SR(ki)− ǫ1 and sys(Si, gi) = 1, hence vol(Si, gi) =
1
SR(Si, gi)
. (5)
To prove our theorem we construct a new surface (Sc, gc) of genus k1 + k2 from the surfaces
(S1, g1) and (S2, g2) such that
SR(Sc, gc) =
(
1
SR(S1, g1)
+
1
SR(S2, g2)
)−1
.
As (Sc, gc) has genus k1 + k2, we obtain the inequality of Theorem 1.1-1 from the fact that ǫ1
can be chosen arbitrarily small.
We first construct (Sc, gc). For fixed i let ai be a systole of (Si, gi). We first divide each ai
into two arcs, bi and ci of equal length. Then we cut ai along ci and call the surface obtained
this way (Soi , gi). We denote by αi the boundary curve of (S
o
i , gi). Let α
1
i and α
2
i be the two
parts of αi with common endpoints on bi. We identify the boundary components of (S
o
1 , g) and
(So2 , g) in the following way
α11 ∼ α
2
2 and α
2
1 ∼ α
1
2 (6)
to obtain a closed surface.
We denote the surface of genus k1 + k2 obtained according to this pasting scheme as
Sc = S
o
1 + S
o
2 mod (6). (see Fig. 1)
We denote by αc the curve, which is the image of α1 in Sc. As the metric on Sc, we take the
metric of the parts to obtain a surface (Sc, gc) with the singularity, which is the curve αc.
We now show that the length ℓ(η) of a non-contractible loop η in (Sc, gc) satisfies
ℓ(η) ≥ sys(S1, g1) = sys(S2, g2) = 1.
As it is well-known that every non-contractible loop contains a simple non-contractible sub-loop,
i.e. a non-contractible loop without self-intersection, of equal or shorter length, we assume that
η is a simple closed curve.
To prove that ℓ(η) ≥ 1 we distinguish two cases: either η is contained in either So1 ⊂ Sc or
So2 ⊂ Sc or not. Consider the first case.
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So1 S
o
2
b1
b2
α11 ∼ α
2
2
α12 ∼ α
2
1
αc
Figure 1: The surfaces So1 and S
o
2 with identified boundaries.
Case 1: η is either contained in So1 or contained in S
o
2
We assume without loss of generality that η is contained in So1 . We have to prove that ℓ(η) ≥ 1.
Now if η is non-contractible both in S1 and in S
o
1 , then η is a non-contractible loop in S1 and
hence
ℓ(η) ≥ sys(S1, g1) = 1
and there is nothing to prove. Therefore it remains to prove the case, where η is contractible in
S1, but non-contractible in S
o
1 . It follows from surface topology that if δ is a closed curve that
satisfies this condition, then
[δ] = [α1]
l ∈ π1(S
o
1), for some l ∈ Z.
As by assumption η is additionally a simple loop it follows that [η] = [α1]
±1. We assume without
loss of generality that [η] = [α1]. We recall that b1 ⊂ S
o
1 is the part of the systole a1 ⊂ S1, that
is not cut in So1 . As η runs around the cut in S
o
1 , whose boundary is α1, it follows that there are
two intersection points, p1 and p2 on b1 (see Fig. 2), such that
- p1 and p2 divide η into two parts, η1 and η2, such that
- η1 is homotopic with fixed endpoints p1 and p2 to an arc r1α
1
1r2, where
- r1 is the shorter arc on b1 connecting p1 and an endpoint of α
1
1 and r2 is the shorter arc
on b1 connecting p2 and an endpoint of α
1
1
- η2 is homotopic with fixed endpoints to r1α
2
1r2.
We now show that
ℓ(ηi) ≥
1
2
for i ∈ {1, 2}, hence ℓ(η) ≥ 1. (7)
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So1
b1
η
η1
η2
r1
r2
p1
p2
α11
α21
Figure 2: The surface So1 with a curve η, such that [η] = [α1] in π1(S
o
1).
Let b′ be the arc of b1 connecting p1 and p2. We have that ℓ(b′) ≤ 12 .
Furthermore for i ∈ {1, 2}
ℓ(ηib
′) = ℓ(ηi) + ℓ(b′) ≥ ℓ(a1) = 1.
Because otherwise we could in S1 replace a1 by ηib
′ to obtain a non-contractible loop shorter
than a1. But a1 is the systole of S1. A contradiction. Now as ℓ(b
′) ≤ 12 , it follows that ℓ(ηi) ≥
1
2
and hence our statement in (7). This concludes the proof in Case 1.
Case 2: η is not contained in either So1 or S
o
2
For fixed i, we call a loop in Sc retractable into S
o
i ⊂ Sc if and only if it is freely homotopic
to a loop contained in Soi . We distinguish two subcases: either η is retractable into S
o
1 or S
o
2 or not.
Case 2.a): η is retractable into So1 or S
o
2
Assume without loss of generality that η is retractable into So1 ⊂ Sc. We first prove the fol-
lowing lemma:
Lemma 2.1. For fixed i ∈ {1, 2}, let δi ⊂ S
o
i be an arc in Sc with endpoints p1 and p2 on αc, such
that δi is homotopic with fixed endpoints to a geodesic arc di ⊂ αc of length ℓ(di) < ℓ(αc) = 1.
Then
ℓ(δi) ≥ ℓ(di).
proof of Lemma 2.1 Fix i and let us work in Soi . It follows from Case 1 that αi is a systole of
Soi . Let b
′ be the remaining arc of αi connecting p1 and p2, such that δib′ ⊂ Soi is a closed curve.
Then δib
′ is contained in Soi and freely homotopic to the systole αi of S
o
i . It follows that
ℓ(δi) + ℓ(b
′) = ℓ(δib′) ≥ ℓ(αi) = ℓ(dib′) = ℓ(di) + ℓ(b′), hence ℓ(δi) ≥ ℓ(di).
This proves our lemma. 
Now if η ⊂ Sc is a loop that is retractable into S
o
1 then, using Lemma 2.1 we can find a
comparison curve η′ for η, such that
ℓ(η) ≥ ℓ(η′), [η] = [η′] ∈ π1(Sc) and η′ ⊂ So1 .
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We obtain η′ from η by replacing any arc v of η that is contained in either So1 or S
o
2 and that is
homotopic with fixed endpoints to an arc d ⊂ αc by the boundary arc d.
That Lemma 2.1 can indeed be applied can be seen in the following way: We note that η has
no self-intersection. Hence v has no self-intersection. Now if the length ℓ(d) of d was bigger than
one then this would imply that d and hence v has a self-intersection. A contradiction.
As η is retractable into So1 and η
′ is freely homotopic to η, due to our procedure η′ is contained in
So1 . By deforming η
′ slightly, we may assume that η′ is contained in the interior of So1 . Therefore
it follows from Case 1 that ℓ(η′) ≥ 1. Hence
ℓ(η) ≥ ℓ(η′) ≥ 1.
Case 2.b): η is not retractable into either So1 or S
o
2
η is not retractable into So1 and not retractable into S
o
2 . Now due to this property, η contains
two subarcs η′1 and η
′
2 such that
- η′i has endpoints on αc and is contained in S
o
i
- there is an arc bi of αc connecting the endpoints of η
′
i on αc such that
- η′1b
1 is not retractable into So2 and η
′
2b
2 is not retractable into So1 .
It follows from these properties that
[η′1b
1] 6= 0 ∈ π1(Sc) and [η
′
2b
2] 6= 0 ∈ π1(Sc).
We now show that for fixed i ∈ {1, 2}:
ℓ(η′i) ≥
1
2
.
Consider without loss of generality η′1. Again we distinguish two subcases: the arc b
1 is smaller
or equal to 12 or not.
Case i): ℓ(b1) ≤ 12
As [η′1b
1] 6= 0 ∈ π1(Sc) and η
′
1b
1 ⊂ So1 , η
′
1b
1 fulfills the conditions of Case 1 and therefore
ℓ(η′1b
1) ≥ 1. As ℓ(b1) ≤ 12 it follows that
ℓ(η′1) ≥
1
2
.
This settles our claim in Case i.
Case ii): ℓ(b1) > 12
In this case we close So1 along α1 to obtain S1. We denote all curves from S
o
1 by the same
name in S1. Let d ⊂ S1 be the shortest geodesic arc on the systole a1 of S1 connecting the
endpoints of b1. As ℓ(b1) > 12 , we have that
ℓ(d) <
1
2
.
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Furthermore [b1d−1] = 0 ∈ π1(So1). Hence η
′
1d is a closed curve in S1 that, in S1, is in the same
free homotopy class as η′1b
1. Now
[η′1d] = [η
′
1b
1] 6= 0 ∈ π1(S1),
because otherwise it would follow that [η′1b
1] = [α1]
±1 ∈ π1(So1) (see Case 1 ). But then η
′
1b
1
would be a curve that is retractable into So2 , a contradiction.
Hence η′1d is a non-contractible loop in S1. Its length is bigger or equal to the length of the
systole a1 of S1. It follows that
ℓ(η′1d) = ℓ(η
′
1) + ℓ(d) ≥ 1 and ℓ(d) ≤
1
2
, hence ℓ(η′1) ≥
1
2
.
This settles our claim in Case ii.
As the same arguments in Case i and Case ii for η′1 apply to η
′
2, we conclude that
ℓ(η′i) ≥
1
2
for i ∈ {1, 2}, hence ℓ(η) ≥ ℓ(η′1) + ℓ(η
′
2) ≥ 1.
In total we obtain in both Case 1 and Case 2 that ℓ(η) ≥ 1.
As any non-contractible loop in (Sc, gc) has length greater than or equal to one, we have shown
that
sys(Sc, gc) = 1.
Due to Equation (5), we have that SR(ki)− ǫ1 = SR(Si, gi) = vol(Si, gi)
−1, hence
SR(Sc, gc) =
1
vol(S1, g1) + vol(S2, g2)
=
(
1
SR(k1)− ǫ1
+
1
SR(k2)− ǫ1
)−1
.
Now for every ǫ2 > 0, we can approximate our non-smooth surface (Sc, gc) with a smooth surface
(Sǫ2 , gǫ2) such that the distance function and the area of (Sǫ2 , gǫ2) is ǫ2-close to that of (Sc, gc).
Letting ǫ1 and ǫ2 tend to zero we obtain:
SR(k1 + k2) ≥ SR(Sc, gc) ≥
(
1
SR(k1)
+
1
SR(k2)
)−1
.
This concludes the proof of Theorem 1.1-1. 
2. SRh(k1 + k2) ≥
(
1
SRh(k1)
+ 1SRh(k2)
)−1
.
Let ǫ1 > 0 be a positive real number. For i ∈ {1, 2}, let (S
h
i , gi) be a surface of genus ki ≥ 1,
which satisfies
SRh(S
h
i , gi) = SRh(ki)− ǫ1 and sysh(S
h
i , gi) = 1, hence vol(S
h
i , gi) =
1
SRh(S
h
i , gi)
. (8)
To prove Theorem 1.1-2 we construct a new surface (Shc , gc) of genus k1+ k2 from the surfaces
(Sh1 , g1) and (S
h
2 , g2) such that
SRh(S
h
c , gc) =
(
1
SRh(S
h
1 , g1)
+
1
SRh(S
h
2 , g2)
+ ǫ2
)−1
, (9)
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where ǫ2 is a positive real number that can be chosen arbitrarily small. As (S
h
c , gc) has genus
k1 + k2, we obtain the inequality of Theorem 1.1-2 from the fact that ǫ1 and ǫ2 can be chosen
arbitrarily small.
We first construct (Shc , gc). For fixed i let ai be a homological systole of (S
h
i , gi).We first di-
vide each ai into two arcs, bi and ci, where ci has length
ℓ(ci) = ǫ2 <
1
4
.
Then we cut each ai along the length of ci and call the surface obtained this way (S
o
i , gi). We
denote by γi the boundary curve of (S
o
i , gi). Now take an Euclidean cylinder C, such that
- C has height 1 and ℓ(∂1C) = ℓ(∂2C) = ǫ2 , hence vol(C) = ǫ2
- γ is the simple closed geodesic in C of length ℓ(γ) = ǫ2, which is freely homotopic to the
boundary curve ∂1C and such that dist(γ, ∂1C) =
1
2 .
We connect the boundary components of (So1 , g1) and (S
o
2 , g2) by connecting them with the
cylinder C in the following way
γ1 ∼ ∂1C and γ2 ∼ ∂2C (10)
to obtain a closed surface. We denote the surface of genus k1 + k2 obtained according to this
pasting scheme as
Shc = S
o
1 + S
o
2 + C mod (10).
We denote the boundary curves of the embedded cylinder by the same name as in the cylinders
itself.
We now show that any non-separating loop in (Shc , gc) has length bigger than or equal to one. Let
η be such a loop. To simplify our proof, we assume that η has no self-intersection and that the
arcs of η contained in C are geodesic, i.e. straight lines. To prove our statement we distinguish
two cases: either η intersects γ transversally or not.
Case 1. η intersects γ transversally
Due to our assumption, the subarc η′ ⊂ C of η intersecting γ is a straight line. Hence η′
traverses C. It follows that its length is bigger than the height of the cylinder C, which is 1. In
this case we have that
ℓ(η) ≥ ℓ(η′) ≥ 1
This settles our proof in Case 1.
Case 2. η does not intersect γ transversally
In the second case, η is a non-contractible loop that does not intersect γ transversally. Again we
distinguish two subcases: η is contained in C or not. If η is contained in C, then η is a separating
loop, a contradiction to our assumption.
If η is not contained in C and does not intersect γ transversally, then η is freely homotopic
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to a loop η′′, which is contained in the interior of one of the (Soi )i=1,2, say S
o
1 and such that
ℓ(η) ≥ ℓ(η′′). In this case we have that
ℓ(η) ≥ ℓ(η′′) ≥ sysh(Sh1 , g1) ≥ 1.
Here the second inequality follows from the fact that any non-separating simple loop in Soi is
also a non-separating simple loop in Shi . This settles our proof in Case 2. In total we conclude
that sysh(S
h
c , gc) ≥ 1.
From the homological systolic ratio SRh(S
h
c , gc) of (S
h
c , gc) we obtain inequality (9). As in (9) ǫ1
and ǫ2 can be chosen arbitrarily small this yields
SRh(k1 + k2) ≥ SRh(S
h
c , gc) ≥
(
1
SRh(k1)
+
1
SRh(k2)
)−1
.
Here the first inequality follows from the fact that (Shc , gc) can be approximated by a smooth
surface. This concludes the proof of Theorem 1.1. 
proof of Theorem 1.2 The first inequalities in Theorem 1.2-1 and 1.2-2 are a simple conse-
quence of Theorem 1.1-1 and 1.1-2, respectively. Here we set k1 = 1 and k2 = k and use the
fact that SR(1) = SRh(1) =
2√
3
.
We now prove the second inequality in Theorem 1.2-1 and then show how to obtain the re-
maining inequalities in a similar fashion. We have to show that
1. 1SR(k) ≤
1
SR(k+1,hyp) +
1
π
.
Let ǫ1 > 0 be a positive real number. Let (S,hyp) be a hyperbolic surface of genus k + 1 ≥ 2,
which satisfies
SR(S,hyp) = SR(k + 1,hyp).
As SR(k + 1,hyp) = SRh(k + 1,hyp), we may assume that S has a systole α which is a non-
separating simple closed curve. We can rescale (S,hyp) to obtain a surface (Smax, gsc) satisfying
SR(Smax, gsc) = SR(k+1,hyp) and sys(Smax, gsc) = 1, hence vol(Smax, gsc) =
1
SR(k + 1,hyp)
.
(11)
Let (Sc, gsc) be the surface which we obtain by cutting open (Smax, gsc) along α. As α is non-
separating (Sc, gsc) has signature (k, 2). Let α1 and α2 be the boundary geodesics of (S
c, gsc).
Let D be a sphere of constant curvature, whose great circles have length ℓ(α) = 1. Let D1 and
D2 be the hemispheres which we obtain by cutting D along a great circle. It follows from the
geometry of the sphere that
vol(D1) = vol(D2) =
ℓ(α)2
2π
=
1
2π
.
For fixed i ∈ {1, 2}, let δ ⊂ Di be a curve connecting two boundary points, p1 and p2 of Di. It
follows from the geometry of Di, that there is a comparison boundary arc δ
′ of Di, connecting p1
and p2 that is shorter than or of equal length as δ and such that δ(δ
′)−1 is a contractible loop.
ℓ(δ) ≥ ℓ(δ′) and [δ(δ′)−1] = 0 ∈ π1(Di), where δ′ ⊂ ∂Di. (12)
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To prove our statement, we construct a surface (S′, g′) of genus k by pasting D1 and D2 along
the boundary geodesics of (Sc, gsc). Let η be a non-contractible simple loop in (S
′, g′). We first
show that
ℓ(η) ≥ 1, hence sys(S′, g′) ≥ 1.
If η ⊂ S′ is contained in Sc ⊂ Smax, then ℓ(η) ≥ sys(Smax, gsc) = 1 and there is nothing to
prove. If η is not contained in Sc, then η intersects α1 or α2 transversally. Then it follows from
the comparison statement (12) that there is a non-contractible comparison loop η′ ⊂ Sc ⊂ Smax,
such that
ℓ(η) ≥ ℓ(η′).
Hence for any non-contractible simple loop in S′ there is a non-contractible loop η′ in Smax,
whose length is smaller or equal to the length of η. Therefore
ℓ(η) ≥ ℓ(η′) ≥ ℓ(α) = 1, hence sys(S′, g′) ≥ 1.
As sys(S′, g′) ≥ 1 and vol(Sc, gsc) = SR(k+1,hyp)−1 (see (11)), we obtain for the systolic ratio
of (S′, g′)
SR(k) ≥ SR(S′, g′) ≥
1
vol(Sc, gsc) + vol(D)
=
(
1
SR(k + 1,hyp)
+
1
π
)−1
.
Here the first inequality follows from the fact that (S′, g′) can be approximated by a smooth
surface. The above inequality implies the second inequality in Theorem 1.2-1. This concludes
the proof of Theorem 1.2-1. 
We obtain the second inequality in Theorem 1.2-2 by replacing the surface (Smax, gsc) of
genus k + 1 in the previous proof by a surface (Shom, g) of genus k + 1 satisfying
SRh(k + 1) = SRh(Shom, g)− ǫ1 and sysh(Shom, g) = 1.
where ǫ1 > 0 is a positive real number that can be arbitrarily close to zero. We cut a surface
(Shom, g) along a homological systole β. Then we paste two hemispheres of boundary length ℓ(β)
along the boundary curves of the open surface to obtain a surface (S′hom, gh) of genus k. Then
we apply similar arguments as in the case of the surface (S′, g′) to obtain
sysh(S
′
hom, gh) ≥ 1.
The inequality then follows by from a calculation of the homological systolic ratio SRh(S
′
hom, gh)
of (S′hom, gh).
We obtain inequality in Theorem 1.2-3 from the following construction. We cut a surface
(S, g) of genus k+1, whose systolic ratio is close to the optimal value SR(k+1) along its homo-
logical systole β′. Then we paste two hemispheres of boundary length ℓ(β′) along the boundary
curves of the open surface to obtain a surface (S′′, g′′) of genus k. The inequality then follows
from a calculation of the systolic ratio SR(S′′, g′′) of (S′′, g′′). Here we use the fact that
ℓ(β′)2
vol(S, g)
=
sysh(S, g)
2
vol(S, g)
≤ SRh(k).
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This concludes the proof of Theorem 1.2-3 and hence of Theorem 1.2 
proof of Theorem 1.3 This proof is very similar to the proof of [Gr2], Theorem 2.C. However
our statement is different. We first show how to obtain the first inequality in Theorem 1.3-1.
Then we show how to obtain the second inequality and Theorem 1.3-2 by a simple modification
of the proof. We show
For all ǫ1 ∈ (0, 10
−5], SRh(k)− ǫ1 ≤ 43 for all k 6= 0
We prove our statement by induction: As SR(1) = SRh(1) =
2√
3
, the statement is true for
k = 1. We assume that for all 1 ≤ k′ < k
SRh(k
′)− ǫ1 ≤
4
3
thus
1
SRh(k′)− ǫ1
≥
3
4
.
Let (Shom, g) be a surface of genus k > 1, which satisfies
vol(Shom, g) = 1 and sysh(Shom, g)
2 = SRh(k)− ǫ1, hence SRh(k)− ǫ1 = sysh(Shom, g)
2.
(13)
Let α be a systole of (Shom, g). Two cases can occur. Either α is separating or α is non-separating:
Case 1. α is non-separating
In this case it follows with Equation (13) and as sysh(Shom, g)
2 ≥ sys(Shom, g)
2 that
SRh(k)− ǫ1 = sysh(Shom, g)
2 = ℓ(α)2 = sys(Shom, g)
2 ≤ SR(k) ≤
4
3
.
Case 2. α is separating
Let (S1, g) and (S2, g) be the surfaces of signature (k1, 1) and (k2, 1), which we obtain by cutting
open (Shom, g) along the systole α. Let α1 be the boundary geodesic of (S
1, g) and α2 be the
boundary geodesic of (S2, g).
Let D be a sphere of constant curvature, whose great circles have length ℓ(α). Let D1 and
D2 be the hemispheres which we obtain by cutting D along a great circle. It follows from the
geometry of the sphere that
vol(D1) = vol(D2) =
ℓ(α)2
2π
.
To prove our statement, we construct two surfaces (S1p, g1) of genus k1 and (S
2p, g2) of genus
k2 by pasting D1 and D2 along the boundary geodesics of (S
1, g) and (S2, g), respectively. We
have
Claim 2.2. For i ∈ {1, 2}:
sysh(S
ip, gi)
2 ≥ sysh(Shom, g)
2 = SRh(k)− ǫ1.
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Proof. Consider without loss of generality the surface (S1p, g1). Let β be a non-separating loop
such that ℓ(β) = sysh(S
1p, g1). If β is contained in (S
1, g) ⊂ (S1p, g1) then β is also a non-
separating loop in (Shom, g) and
ℓ(β) = sysh(S
1p, g1) ≥ sysh(Shom, g).
Hence our statement is true. If β is not contained in (S1, g) ⊂ (S1p, g1) then some of its arcs
traverse the hemisphere D1. Let δ ⊂ D1 be a curve connecting two boundary points, p1 and
p2 of D1. It follows from the geometry of D1, that there is a comparison boundary arc δ
′ of
D1, connecting p1 and p2 that is shorter than or of equal length as δ and such that δ(δ
′)−1 is a
contractible loop. Hence there is a comparison curve β′ for β in the same homology class as β
that is contained in (S1, g) ⊂ (S1p, g1) of smaller or equal length. Again we conclude that
ℓ(β) ≥ ℓ(β′) ≥ sysh(S1p, g1) ≥ sysh(Shom, g).
The same arguments for sysh(S
2p, g2) yield our claim.
It follows from Claim 2.2 that for i ∈ {1, 2}:
SRh(ki) ≥ SRh(S
ip, gi) =
sysh(Shom, g)
2
vol(Sip, gi)
thus
1
SRh(ki)
≤
vol(Sip, gi)
sysh(Shom, g)2
.
Combining the above two inequalities and using the fact that vol(S1p, g1)+vol(S
2p, g2) = 1+
ℓ(α)2
π
,
we have that
1
SRh(k1)
+
1
SRh(k2)
≤
1 + ℓ(α)
2
π
SRh(k)− ǫ1
Now ℓ(α)2 = sys(Shom, g)
2 = SR(Shom, g) ≤ SR(k). This yields
1
SRh(k1)
+
1
SRh(k2)
≤
1 + SR(k)
π
SRh(k)− ǫ1
. (14)
Applying the induction hypothesis and using the fact that SR(k) ≤ 43 , we obtain:
3
2
≤
1
SRh(k1)
+
1
SRh(k2)
≤
1 + 43π
SRh(k)− 10−5
, hence 0.96 ≥ SRh(k).
But this proves our hypothesis. This settles our claim in Case 2 and therefore concludes the
proof of the first part of Theorem 1.3-1. Letting ǫ1 go to zero, we obtain the first part of
Theorem 1.3. 
To prove the second part, we use the same arguments. Here we use the fact that we already
know that SR(k) ≤ 2√
3
for k ≥ 20. In fact using the same arguments, it can be shown that
SRh(k) satisfies the same upper bound as SR(k) in Table 1.
To prove the first part of Theorem 1.3-2, we also follow the above proof. However in this
case, we obtain a contradiction in inequality (14) of Case 2 from the known value of SRh(1)
and the upper and lower bound for SR(2) and SRh(2) (see Table 1). Hence this case leads to a
contradiction. It remains Case 1 from which follows that
SR(2) = SRh(2).
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We prove the second part,
SR(3) ≥ SRh(3)− 0.03
in a similar fashion. If Case 2 holds, then we use iteratively the second inequality in (14) to
show that in this case SRh(3) ≤ 0.69, from which follows our statement. This settles the proof
of the first and second part of Theorem 1.3 
proof of Theorem 1.3-3 To prove the third part of the theorem we first state a good up-
per bound for SR(k) which is proven in the appendix:
SRu(k) :=
{
4/3
(log(50k)+1.4)2
π(k−1)
if
k < 17
k ≥ 17
we have SRu(k) ≥ SR(k). (see appendix) (15)
Set, for k ∈ [0,∞)
SRuh(k) :=
{
4/3
(log(195k)+8)2
π(k−1)
if
k ≤ 75
k > 75.
We now prove by induction that
SRh(k) ≤ SR
u
h(k) for all k ∈ N\{0}.
Therefore we use the same arguments as in the proof of the first part of Theorem 1.3. For
fixed k ∈ N\{0}, we assume that our statement is proven for all k′ < k. It is easy to see that the
crucial point is inequality (14) in Case 2, which states that
1
SRh(k1)
+
1
SRh(k2)
≤
1 + SR(k)
π
SRh(k)
, where k1 + k2 = k.
Applying the induction hypothesis and the upper bound for SR(·) and SRh(·) , we obtain from
the above inequality:
1
SRuh(k1)
+
1
SRuh(k2)
≤
1
SRh(k1)
+
1
SRh(k2)
≤
1 + SR
u(k)
π
SRh(k)
. (16)
It remains to show that
1
SRuh(k)
≤
1
SRuh(k1)
+ 1SRuh(k2)
1 + SR
u(k)
π
(see appendix). (17)
This implies SRuh(k) ≥ SRh(k) and hence our hypothesis is true.
Inequality (17) is shown in the appendix. This settles our claim in Case 2 and therefore concludes
the proof of Theorem 1.3-3. In total we have proven Theorem 1.3. 
3 Construction of manifolds with large systolic ratio
In this section we construct manifold with large systolic ratio from lower dimensional manifolds
with large systolic ratio. To this end we first prove the following lemma:
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Lemma 3.1. Let (M,g) and (N,h) be two closed, oriented Riemannian manifolds of dimension
m and n, respectively. If the product manifold (M ×N, g × h) has a systole, we have:
sys(M ×N, g × h) = min(sys(M,g), sys(N,h)).
proof of Lemma 3.1 Let η be a systole of (M ×N, g × h) of length
ℓ(η) = sys(M ×N, g × h).
Let pM an pN be the canonical projection from (M×N, g×h) to (M,g) and (N,h), respectively.
Consider the curves pM(η) and pN (η), respectively. We have:
ℓ(η) ≥ ℓ(pM (η)) and ℓ(η) ≥ ℓ(pN (η)).
Let [η] ∈ π1(M ×N) be the homotopy class of η. As η is non-contractible we have that [η] 6= 0.
As
π1(M ×N) = π1(M)× π1(N) = pM ∗(π1(M ×N))× pN ∗(π1(M ×N)),
either [pM (η)] 6= 0 or [pM(η)] 6= 0. Assume without loss of generality that [pM (η)] 6= 0. It follows
that
sys(M ×N, g × h) = ℓ(η) ≥ ℓ(pM (η)) ≥ sys(M,g) ≥ min(sys(M,g), sys(N,h)).
This proves our lemma. 
As a corollary we obtain:
Corollary 3.2. Let (M,g) and (N,h) be two closed, oriented Riemannian manifolds of dimen-
sion m and n, respectively, such that sys(M,g) = sys(N,h). Then for the product manifold
(M ×N, g × h), we have:
SR(M ×N, g × h) = SR(M,g) · SR(N,h).
proof of Corollary 3.2 This follows immediately from Lemma 3.1 and the fact that
vol(M ×N, g × h) = vol(M,g) · vol(N,h). 
Note that we can always scale one of the two manifolds in the product manifold to meet the
conditions of the corollary. In the following we apply the corollary to two examples. First we
construct n-dimensional Euclidean product-tori with large systolic ratio from lower dimensional
ones, then we construct product manifolds of surfaces and tori.
Example 1 - tori A lattice Λ of dimension n is a discrete subgroup of Rn that spans Rn.
An n-dimensional flat torus Tn = Rn/Λ is the quotient of Rn and a lattice Λ. The shortest
non-zero lattice vector of Λ is the systole of Tn. It’s length sys(Tn) is
sys(Tn) = min
λ∈Λ\{0}
‖λ‖2,
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where ‖ · ‖2 denotes the Euclidean norm. If A is a matrix representation of a basis of Λ, then
det(Λ), the determinant of Λ is equal to det(A) and
vol(Tn) = |det(Λ)| = |det(A)|.
Hermite’s constant or invariant γn is given by
γn = max{SR(T
n)
2
n | Tn flat torus of dimension n}
It follows from this definition that it is the maximal value that the squared norm of the shortest
non-zero lattice vector can attain among all lattices of determinant 1. Let Bn be a n-dimensional
Euclidean ball of radius 1. It was proven by Hlawka [Hl] and Minkowski [Mi] that
n
2πe
≤
(
vol(Bn)
2
)− 2
n
≤ γn ≤ 4 · (vol(B
n))−
2
n ≤
2n
πe
. (18)
Here the approximations of the bounds apply for large n. From Corollary 3.2, we obtain:
Theorem 3.3. Let γn be Hermite’s constant for flat tori in dimension n, then
1. γm+n ≥ γ
( mm+n )
m · γ
( nm+n )
n .
2. γ2n ≥ γn.
3. γ
( nn−1)
n ≥ γn+1 ≥ γ
( nn+1)
n .
Let furthermore (Tn, g) be a manifold homeomorphic to an Euclidean torus of dimension n or
shortly a torus. We define Hermite’s constant for general tori δn by
δn = sup{SR(T
n, g)
2
n | (Tn, g) torus of dimension n}.
As γn ≤ δn the same lower bound as in inequality (18) applies. An upper bound of order n was
conjectured in [Gr3]. The best known upper bound is of order n2 and is stated in [Na],Theorem
4.2. This implies for large n that
n
2πe
≤ δn ≤
(n
e
)2
. (19)
Using the same methods as in the Euclidean case we show that
Theorem 3.4. Let δn be Hermite’s constant for general tori of dimension n, then
1. δm+n ≥ δ
( mm+n )
m · δ
( nm+n)
n .
2. δ2n ≥ δn.
The idea of the proof is to construct tori with large systoles from lower dimensional extremal ones.
proof of Theorem 3.3. Let Tm and Tn be two flat tori of dimension m and n, respectively,
such that
SR(Tm)
2
m = γm and SR(T
n)
2
n = γn.
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We obtain Theorem 3.3-1 by scaling Tm to obtain a torus Tm1 and T
n to obtain a torus Tn2 ,
such that
sys(Tm1 ) = sys(T
n
2 ) = 1.
Let Tm1 ×T
n
2 be the product torus of dimension m+n. Applying Corollary 3.2 to T
m
1 ×T
n
2 we
obtain
γm+n
m+n
2 ≥ SR(Tm1 × T
n
2 ) = SR(T
m
1 ) · SR(T
n
2 ) = SR(T
m) · SR(Tn) = γ
m
2
m · γ
n
2
n .
This inequality is equivalent to Theorem 3.3-1. The second inequality of the theorem follows
by setting n = m in the first inequality. The first inequality in Theorem 3.3-3 is Mordell’s
inequality (see [Ma] or [Mo]). The second inequality follows by setting m = 1 in Theorem 3.3-1
and using the fact that γ1 = 1.
This concludes the proof of Theorem 3.3. 
Theorem 3.4 follows by the same arguments replacing Tn by (Tn, g) and will not be shown here.
Example 2 - products of tori and surfaces Denote from here on by gE be the Euclidean
metric tensor. In this example we construct product manifolds with large systolic ratio from
surfaces and tori with large systolic ratio. This enables us to prove:
Theorem 3.5. Let b(M,g) =
∑m
i=0 bi(M,g) be the sum of the Betti numbers of a manifold (M,g)
of dimension m. Then in each dimension m ≥ 3 there exist manifolds Rmk = (S×T
m−2, g× gE),
that are product manifolds of a surface (S, g) of genus k ≫ 2m and an Euclidean torus (Tm−2, gE),
such that
C1,m ·
log(b(Rmk ))
2
b(Rmk )
≤ SR(Rmk ) ≤ C2,m ·
exp(C3,m
√
log(b(Rmk )))
b(Rmk )
.
Here the upper bound is the universal upper bound stated in [Sa], Theorem 1.2, inequality (1.5).
proof of Theorem 3.5 Let (M,g) be an m-dimensional manifold and let
PM (x) :=
m∑
i=0
bi(M,g) · x
i
be the Poincaré polynomial. It is well-known that if S = (S, g) is a surface of genus k and
T = (Tm−2, gE) is an Euclidean torus of dimension m− 2, then
PS(x) = 1 + 2k · x+ x
2 and PT (x) =
m−2∑
i=0
(
m− 2
i
)
xi, where
m−2∑
i=0
(
m− 2
i
)
= 2m−2.
It follows furthermore from the Künneth theorem, that for S×T = (S×Tm−2, g× gE), we have
PS×T (x) = PS(x) · PT (x).
It is easy to deduce from this formula, that
b(S × T ) = 4k + o(1), if k ≫ 2m. (20)
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We now choose our product manifold Rmk = (S × T
m−2, g × gE) in the following way. Let ǫ > 0
be a positive real number and let in Rmk , (S, g) be a surface of genus k ≫ 2
m, such that
sys(S, g) = 1 and SR(S, g) = SR(k)− ǫ.
In Rmk let furthermore T
m−2 be a Euclidean torus of dimension m− 2, such that
sys(Tm−2) = 1 and SR(Tm−2) = γ
m−2
2
m−2 .
It follows from Corollary 3.2 and the inequalities (1) and (18) that
SR(S × Tm−2, g × gE) = SR(S, g) · SR(Tm−2, gE) ≥ K
log(k)2
k
· (m− 2)
m−2
2 .
Then the lower bound in Theorem 3.5 follows by applying Equation (20) to the above inequal-
ity. 
4 Appendix
In this part we show the missing inequalities from the proof of Theorem 1.3-3.
Inequality (15)
We first recall inequality (4): for all r ∈ (0, 18),SR(k) ∈ (0,
4
3 ] we know that
f(r,SR(k)) :=
log(2r2 SR(k))2
4π SR(k)
(
1
2 − 4r
)2
(k − 1)
≥ 1,
where the bound on SR(k) is the well-known 43 bound. Set (for k ∈ [0,∞))
SRu(k) :=
{
4/3
(log(50k)+1.4)2
π(k−1)
for
k < 17
k ≥ 17.
Let k ≥ 17. That SRu(k) ≥ SR(k) can be seen in the following way:
1.) Fixing r and deriving the function f(r, ·) we see that this is a monotonically decreasing
function in the interval (0, 1
2r2
]. As r ∈ (0, 18) this implies that f(r, ·) is a monotonically
decreasing function in the interval (0, 43 ].
2.) Examining f(r, y) in the interval (0, 18) × (0,
4
3 ] we obtain a value for r that gives a good
estimate on SR(k): we choose
r′ =
1
4(log(25k − 25) + 2)
< 1/8
and let SR(r′, k) be the value given by f(r′,SR(r′, k)) = 1. Then it follows from (4) that
SR(r′, k) ≥ SR(k).
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kf(r′,SRu(k))
Figure 3: Plot of the function f(r′,SRu(k)) in the interval k ∈ [17, 1000].
3.) It follows from elementary, but tedious, calculations that for k ≥ 17,
f(r′,SRu(k)) < 1 and lim
k→∞
f(r′,SRu(k)) = 1 (see Fig. 3). (21)
A plot of f(r′,SRu(k)) is shown below:
But this implies that SRu(k) ≥ SR(r′, k) ≥ SR(k) for all k ≥ 17.
Inequality (17)
We recall that for k ∈ [0,∞)
SRuh(k) :=
{
4/3
(log(195k)+8)2
π(k−1)
if
k ≤ 75
k > 75.
It remains to show that for all k ∈ N\{0, 1} and 1 ≤ k1 ≤ k − 1
SRuh(k) ≥
1 + SR
u(k)
π
1
SRuh(k1)
+ 1SRuh(k−k1)
:= s(k, k1), (22)
which is equal to inequality (17).
Case 1: k ≤ 500
For k ≤ 500 it can be verified by calculating SRuh(k1) and SR
u
h(k − k1) explicitly that the
inequality is true. A plot of SRuh(k) and s(k, k1) is shown in Fig. 4.
Case 2: k > 500
We now look at a fixed k > 500. In this case 1 + SR
u(k)
π
is constant. To find the maximum
of s(k, k1) we have to find the minimum of the function
uk(k1) :=
1
SRuh(k1)
+
1
SRuh(k − k1)
for k1 ∈ [1, k − 1].
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kk1
Figure 4: Plot of the functions SRuh(k) (red) and s(k, k1) (blue) in the set {(k, k1) ∈ R
2|k ∈
[2, 500], k1 ∈ [1, k − 1]}.
We now show that uk(k1) is minimal for k1 = 75 and k1 = k − 75. As uk(k1) = uk(k − k1) it is
sufficient to examine the function in the interval [1, k2 ]. Furthermore, by definition,
1.) 1SRuh(x)
is a monotonically increasing function for x ∈ [0,∞).
2.) Hence 1SRuh(k−x) is a monotonically decreasing function for x ∈ [0, k].
3.) As 1SRuh(x)
is equal to 34 in the interval x ∈ [0, 75], this implies that uk(x) has a local
minimum at x = 75.
4.) For x > 75 we have that 1SRuh(x)
= π(x−1)
log(e8·195x)2 := w(x).
5.) It can be shown that w′′(x) < 0 for x ∈ [0,∞). This implies that w(x) is a concave
function. It follows that u′′k(x) = w
′′(x) + w′′(k − x) < 0 is a concave function in the
interval [75, k − 75].
From 3.) and 5.) we conclude that the local minima of uk(x) in x = 75 and x = k − 75 are
indeed global minima in the interval [0, k]. It follows that for fixed k and all k1 ∈ [1, k − 1]
1 + SR
u(k)
π
3
4 +
1
SRuh(k−75)
≥
1 + SR
u(k)
π
1
SRuh(k1)
+ 1SRuh(k−k1)
.
It remains to show that
SRuh(k) ≥
1 + SR
u(k)
π
3
4 +
1
SRuh(k−75)
.
For k ∈ [2, 500] it can be seen in Fig. 4 that the inequality is true.
For k ≥ 500 we plug in the corresponding formulas for SRu(k),SRuh(k) and SR
u
h(k − 75) this
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simplifies to
SRuh(k) =
ln(e8 · 195k)2
π(k − 1)
≥
ln(e8 · 195(k − 75))2
π(k − 1)
·
(
π2(k − 1) + ln(e1.4 · 50k)2
π(π(k − 76) + 34 · ln(e
8 · 195(k − 75))2)
)
.
As ln(e
8·195k)2
π(k−1) >
ln(e8·195(k−75))2
π(k−1) we are done when we have shown that
1 ≥
π2(k − 1) + ln(e1.4 · 50k)2
π(π(k − 76) + 34 · ln(e
8 · 195(k − 75))2)
This is equal to
3 · π
4
· ln(e8 · 195(k − 75))2 − π2 · 75 ≥ ln(e1.4 · 50k)2.
Finally, we note that for k = 500 the above inequality is true. Deriving both sides of the above
inequality we obtain:
3 · π
4
· ln(e8 · 195(k − 75))2 − π2 · 75)′ ≥ (ln(e1.4 · 50k)2)′.
This inequality is also true for all k ≥ 500. These two conditions imply that inequality (17) holds
for k ≥ 500. In total we have proven inequality (17).
References
[Ak] Akrout, H.: Singularités topologiques des systoles généralisées, Topology 42(2)
(2003), 291–308.
[AM] Akrout, H. and Muetzel, B.: Construction of hyperbolic Riemann surfaces with large
systoles, submitted to Manuscripta Math. (see arXiv 1305.5510 ) (2013).
[Ba] Bavard, C.: Systole et invariant d’Hermite J. Reine. Angew. Math. 482 (1997),
93–120.
[BB] Babenko, I.K. and Balacheff, F.: Géométrie systolique des sommes connexes et des
revêtements cycliques, Math. Ann. 33 (2005), 157–180.
[BS] Buser, P. and Sarnak, P.: On the Period Matrix of a Riemann Surface of Large
Genus (with an Appendix by Conway,J.H. And Sloane,N.J.A.), Inventiones Mathe-
maticae 117(1) (1994), 27–56.
[Ca] Calabi, E.: Extremal isosystolic metrics for compact surfaces, Actes de la table ronde
de geometrie differentielle, Sem. Congr. 1, Soc. Math. France (1996), 165–204.
[Cas] Casamayou-Bouceau, A.: Surfaces de Riemann parfaites en genre 4 et 6, Comment.
Math. Helv. 80 (2005), 455–482.
[CK] Croke, C. and Katz, M.: Universal volume bounds in Riemannian manifolds, Surveys
in Differential Geometry VIII, Lectures on Geometry and Topology held in honor of
Calabi, Lawson, Siu, and Uhlenbeck at Harvard University, May 3-5, 2002, edited
by S.T. Yau, Somerville, MA:International Press, (2003), 109–137.
23
[CS] Conway, J.H. and Sloane, N.J.A.: Sphere packings, lattices and groups, A series
of comprehensive studies in mathematics, 290, third edition, Springer, New York,
(1999)
[Ge] Gendulphe, M.: Découpages et inégalités systoliques pour les surfaces hyperboliques
à bord, Geometriae dedicata, 142 (2009), 23–35.
[Gr1] Gromov, M.: Filling Riemannian manifolds, J. Differential Geom. 18 (1983), 1–147.
[Gr2] Gromov, M.: Systoles and intersystolic inequalities, Actes de la table ronde de
géométrie differentielle en l’honneur de Marcel Berger, Collection SMF 1, (1996),
291–362.
[Gr3] Gromov, M.: Large Riemannian manifolds, Curvature and Topology of Riemannian
Manifolds (Katata, 1985), Springer Lecture Notes in Math. 1201, (1986), 108–121.
[Hl] Hlawka E.: Zur Geometrie der Zahlen, Math. Zeitschr. 49 (1944), 285–312.
[Ka] Katz, M.: Systolic geometry and topology, Mathematical Surveys and Monographs
137, American Mathematical Society, Providence, RI, (2007).
[KS1] Katz, M. and Sabourau, S.: Hyperelliptic surfaces are Loewner, Proc. Amer. Math.
Soc. 134(4) (2006), 1189–1195.
[KS2] Katz, M. and Sabourau, S.: Entropy of systolically extremal surfaces and asymptotic
bounds, Ergo. Th. Dynam. Sys. 25(4) (2005), 1209–1220.
[KSV1] Katz, M., Schaps M. and Vishne U.: Logarithmic growth of systole of arithmetic
Riemann surfaces along congruence subgroups, J. Differential Geom. 76(3) (2007),
399–422.
[KSV2] Katz, M., Schaps, M. Vishne, U.: Hurwitz quaternion order and arithmetic Riemann
surfaces, Geom. Dedicata 155(1) (2011), 151–161.
[Ma] Martinet, J.: Perfect lattices in Euclidean spaces, Grundlehren der Mathematischen
Wissenschaften 327, Springer-Verlag, Berlin, (2003).
[Mi] Minkowski H.: Gesammelte Abhandlungen, Leipzig, vol. 2, (1911), 94–95.
[Mo] Mordell, L.J.: Observation on the minimum of a positive quadratic form in eight
variables J. London Math. Soc. 19 (1944) 3–6.
[Mu] Mumford, D.: A remark on a Mahler’s compactness theorem, Proc. AMS 28(1)
(1971), 289–294.
[Na] Nakamura, K.: On isosystolic inequalities for T n, RPn and M3, (2013) (see
arXiv:1306.1617 ).
[Pa] Parlier, H.: The homology systole of hyperbolic Riemann surfaces, Geom. Dedicata
157(1) (2012), 331–338.
24
[Pu] Pu, P.M.: Some Inequalities in Certain Non-orientable Riemannian Manifolds, Pa-
cific J. Math. 2 (1952), 55–71.
[Sa] Sabourau, S.: Systolic volume and minimal entropy of aspherical manifolds, J. Dif-
ferential Geom., 74(1) (2006), 155–176.
[Sc1] Schmutz Schaller, P.: Riemann surfaces with shortest geodesic of maximal length,
Geom. Funct. Anal. 3(6) (1993), 564–631.
[Sc2] Schmutz Schaller, P.: Congruence subgroups and maximal Riemann surfaces, J.
Geom. Anal. 4 (1994), 207–218.
[Sc3] Schmutz Schaller, P.: Systoles on Riemann surfaces, Manuscripta Math. 85 (1994),
429–447.
Hugo Akrout
Department of Mathematics, Université Montpellier 2
place Eugène Bataillon, 34095 Montpellier cedex 5, France
e-mail: akrout@math.univ-montp2.fr
Bjoern Muetzel
Department of Mathematics, Dartmouth College
27 N. Main street, Hanover, NH 03755, USA
e-mail: bjorn.mutzel@gmail.com
25
